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We study the uniqueness of solution for the following boundary value problem involving a
nonlocal equation of Kirchhoff type⎧⎪⎨
⎪⎩
−
(
a + b
∫
Ω
|∇u|2 dx
)
u = λ f (u) in Ω,
u|∂Ω = 0.
Here, Ω is a bounded open set in Rn with smooth boundary, a, b, λ are positive real
numbers and f :R→ R is a continuous function. In particular, we give an answer to an
open problem recently proposed by B. Ricceri.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let Ω be a bounded domain in Rn with smooth boundary ∂Ω and let λ, μ be positive real parameters. Very recently,
in [4] B. Ricceri, by means of an abstract variational result by the same author, has established a multiplicity theorem for
the following Kirchhoff-type problem⎧⎪⎨
⎪⎩
−K
(∫
Ω
∣∣∇u(x)∣∣2 dx)u = λ f (x,u) + μg(x,u) in Ω,
u|∂Ω = 0
(Pλ,μ)
where K : [0,∞[ → R is a continuous function, f , g :Ω ×R→ R are two Carathéodory functions satisfying the subcritical
growth condition
α)
sup
t∈R
| f (·, t)| + |g(·, t)|
1+ |t|q ∈ L
∞(Ω) for some q ∈ ]0,+∞[ if n 2
with q <
N + 2
N − 2 if n > 2;
sup
t∈[−r,r]
(∣∣ f (·, t)∣∣+ ∣∣g(·, t)∣∣) ∈ L1(Ω) for all r > 0 if n = 1.
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Theorem A. (See Theorem 1 of [4].) Let K : [0,∞[ →R be a continuous function and let f :Ω ×R→R be a Carathéodory function
satisfying condition α). Put K˜ (t) = ∫ t0 K (s)ds for t  0 and F (x, t) = ∫ t0 f (x, s)ds for (x, t) ∈ Ω ×R. Assume the following conditions:
a1) supu∈W 1,20 (Ω)
∫
Ω
F (u,u(x))dx > 0;
a2) inft0 K (t) > 0;
a3) for some α > 0 one has lim inft→+∞ K˜ (t)tα > 0;
a4) there exists a continuous function h : [0,+∞[ →R such that h(tK (t2)) = t for all t  0;
a5) limsupt→0 F (x, t)t−2  0 a.e. in Ω;
a6) limsup|t|→+∞ F (x, t)t−2α  0 a.e. in Ω .
Then, for every
c > inf
{
K˜ (
∫
Ω
|∇u|2 dx)
2F (x,u(x))dx
: u ∈ W 1,20 (Ω),
∫
Ω
F
(
x,u(x)
)
dx > 0
}
and d > c
there exists a number r > 0with the following property: for every λ ∈ [c,d] and every Carathéodory function g :Ω ×R→R satisfying
condition α), there exists δ > 0 such that, for each μ ∈ ]0, δ[, problem (Pλ,μ) admits at least three weak solutions whose norms in
W 1,20 (Ω) are less than r.
Recently, some papers has been devoted to the study of boundary value problems of Kirchhoff type in the particular case
of K (t) = a + bt for all t  0, where a, b are ﬁxed positive real numbers (see references of [4] for instance). The emphasis
given to this case is due to the fact that with the previous choice of K an equation of the type
−K
(∫
Ω
∣∣∇u(x)∣∣2 dx)u = ϕ(x,u)
is, for the stationary case, exactly the one originally proposed by Kirchhoff in [3]. This is an extension of the D’Alembert’s
wave equation for free vibrations of elastic strings which takes into account the length changes of the string produced by
transverse vibrations. For this reason, it becomes interesting to give the particular statement that Theorem A takes with
the above choice of K . For simplicity, we consider the function f independent of the ﬁrst variable. As showed in [4],
conditions a2) and a4) are automatically satisﬁed as well as condition a3) by choosing α  2. Moreover, since f fulﬁlls
condition α), it is easy to check that condition a6) holds with α  nn−2 if n 3. In particular, choosing α = 2 and n 4 we
have that conditions a2), a4) and a6) hold. Thus, in this case, to get all the assumptions of Theorem 1 satisﬁed it is enough
to impose on f (besides α)) only the conditions a1) and a5) where this latter, for f independent of x, takes the simpler
statement supt∈R
∫ t
0 f (s)ds > 0.
Summarizing, we have the following result:
Theorem B. (See Theorem 2 of [4].) Let n 4, let q ∈ ]0, n+2n−2 [ and let f :R→R be a continuous function such that
limsup
|t|→+∞
| f (t)|
|t|q < +∞, limsupt→0
∫ t
0 f (s)ds
t2
 0 and sup
t∈R
t∫
0
f (s)ds > 0.
Then, if K (t) = a + bt for t  0 and with a,b > 0, conclusion of Theorem 1 holds.
The statement of Theorem B leads to the following open problem proposed by the author of [4].
Problem. Does Theorem 2 hold for n = 3?
The aim of this short note is to give a negative answer to the above problem (which comes from Theorem 1 below) and,
at the same time, to propose some further open problem.
2. The result
Let Ω be the open ball in R3 centered at 0 with radius R > 0 and let q ∈ ]3,5[. We consider the function f :R→ R
deﬁned by f (t) = tq if t  0, f (t) = 0 if t < 0. We have the following result:
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⎪⎩
−
(
a + b
∫
Ω
|∇u|2 dx
)
u = λ f (u) in Ω,
u|∂Ω = 0
(P )
admits a unique nonzero weak solution.
Proof. First of all, we note that by the Strong Maximum Principle every nonzero solution of problem (P ) must be positive.
For every u ∈ W 1,20 (Ω), we put
‖u‖ =
(∫
Ω
|∇u|2 dx
) 1
2
.
The weak solutions of problem (P ) are exactly the critical points of the functional
I(u) = 1
2
(
a‖u‖2 + b
2
‖u‖4
)
− λ
∫
Ω
( u(x)∫
0
f (t)dt
)
dx, u ∈ W 1,20 (Ω).
Denoting by C the best embedding constant of W 1,20 (Ω) in L
q+1(Ω), for every r > 0 we have
inf‖u‖=r I(u) =
1
2
(
ar2 + b
2
r4
)
− λCqrq+1.
Hence, being q + 1 > 4,
lim inf‖u‖→+∞ I(u) = −∞
and there exists r0 > 0 such that
inf‖u‖=r0
I(u) > 0.
Thus, I has a Mountain Pass geometry. Moreover, by standard arguments, we have that I satisﬁes the Palais–Smale condition.
Therefore, I has a nonzero critical point u1 ∈ W 1,20 (Ω). Let us to show that u1 is unique. Assume that u2 ∈ W 1,20 (Ω) is
another nonzero critical point. Note that ui (i = 1,2) is a weak solution of the problem⎧⎨
⎩−u =
λ
a + b‖ui‖2 f (u) in Ω,
u|∂Ω = 0.
Now, in [1] it is proved that the problem{−u = f (u) in Ω,
u|∂Ω = 0
has a unique nonzero (and positive) solution v1 ∈ W 1,20 (Ω). This implies that for all λ > 0, the function vλ = λ
1
1−q v1 is the
unique nonzero solution of the problem{−u = λ f (u) in Ω,
u|∂Ω = 0. (Pλ)
In particular, for λ1, λ2 > 0, vλ1 and vλ2 are related by
vλ1 =
(
λ1
λ2
) 1
1−q
vλ2 .
Therefore, since ui is the nonzero solutions of problem (Pλi ) with
λi = λ
a + b ∫ |∇ui|2 dx ,Ω
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u1 =
(
a + b‖u2‖2
a + b‖u1‖2
) 1
1−q
u2 (1)
from which we get
‖u1‖ =
(
a + b‖u2‖2
a + b‖u1‖2
) 1
1−q
‖u2‖
equivalent to
a‖u1‖1−q + b‖u1‖3−q = a‖u2‖1−q + b‖u2‖3−q. (2)
Since q > 3, the function t > 0 → at1−q + bt3−q is strictly decreasing. Consequently, from (2) it follows ‖u1‖ = ‖u2‖ and so,
from (1), u1 = u2. 
The proof of Theorem 1 is based on the uniqueness result of [1] whose validity depends on the shape of the set Ω .
Indeed, if Ω is ring-shaped the previous uniqueness results does not hold any longer at least for q + 1 near the critical
exponent as showed in [2]. So, knowing whether problem (P ) may have more than one solution for particular domains Ω
remains an open problem.
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